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ABSTRACT. Let R be a constant N X N matrix and g(f) an N XN
matrix of functions representable as absolutely convergent Laplace-Stieltjes trans-
forms for t > 0. The paper gives sufficient conditions for certain solutions of
the system y' = (R + g(f))y to be expressed as Laplace-Stieltjes transforms or as
linear combinations of such transforms with coefficients which are powers of ¢,

1. Introduction. This paper deals with Nth order linear differential equations
N-1
1.1y DNu+Y [a; + ;)] D'u=0, where Du=du/dt= u',
j=0

and with first order systems of dimension N,

12 Y =[4+g0y,

where 4; is a (complex) constant in (1.1) and A is a (complex) constant
N x N matrix in (1.2). In (1.1) or (1.2), we assume that gi(t) or g(t) is
representable as a Laplace-Stieltjes transform

(1.3) O =[G, G(+0)=G(0)=0,
or

(14 g0 = dG6),  G(+0)=GO)=0,
absolutely convergent for Re ¢t > 0 and satisfying

(1.5) J, srace1 <=,

or

(16) J, 57661 <,

for a suitable constant y > 0. We consider the problem of the representation
of certain solutions in terms of Laplace-Stieltjes transforms.
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First, our results can be interpreted as a generalization of the theory of
regular singular points since the case where g;(¢) or g(¢) are power series in
z=¢e" (ie., dGi or dG are atomic measures with support on the positive
integers) corresponds to a regular singular point at z = 0. Second, they provide
sharpened variants of known results in the theory of asymptotic integrations.
Finally, our results can be considered as a contribution to the theory of the
representation of solutions in terms of definite integrals, a theory important to
the study of solutions “in the large”.

Our results imply the following theorem for the Nth order equation (1.1):

THEOREM 1.1. Let Py(\) be the polynomial
N-1
Q.7 Py =AY + I_:‘_“‘,) aN.
For a fixed real number T, let
(1.8) AQ1), *==, M(K) } = set of distinct zeros of Py(\): Im\ =T,

1.9) Re A(1) < ++* < Re MK),
(1.10) e(k) = multiplicity of zero X =Mk) of PyQ),
(1.11) E)=e(1) + +=+ +e(k) and E(0)=0.

Let the coefficient functions gi(t) be representable as Laplace-Stieltjes transforms
(1.3), absolutely convergent for Re t > 0, satisfying (1.5) for

1.12) v = m(i), where m(i) = max[e(1), **, e(})], -

for some i, 1 <i<K. Finally, let § >0 bearbitraryif i=1,and 0<8 <
min[A(2)-A(1), ***, N@) —AG—-1)] if i=1. Then, for v=0, -, e(i) — 1,
(1.1) has a solution u = u(t) representable in the form

(1.13) u=erDtY 4 py(r) + £ HEEDYO (Y,

where w(t), wo(t) are Laplace-Stieltjes transforms of the form

() -
(1.18)  w) = fo IAWE), WO) = W+ 0) = 0, wo() =f e aw(),
absolutely convergent for Re t > 0, and
(1.15) [, S Oame) < .

The exponent v + E(i — 1) in (1.13) is suggested by the theory of regular
singular points. Our results also imply the following theorem for the first order
system (1.2).

THEOREM 1.2. Let the constant matrix A be similar to the Jordan matrix
J = diag[J(A(1), e(1)), *+*, JAM), e(M))] , where J(\, €) is an e x e Jordan
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block with \ on the diagonal and 1 on the superdiagonal. For a fixed real
number 7, let

(1.16) @), ***, MK)} = subset of {AK)}: Im MK) =T,

(1.17) ReM(1)=++ = Re M(K,) <Re MK, + 1) =+** =Re MK,) < ***,
where Ko =0<K, <+ <K, =K,
(1.18) ek, +1)>e(K, +2)> > >e(K;,,) for i=0,, k-1,

E@)=e(1) +eK, +1)++ +eK._, +1)

for i=1,+*-, h and E(0)=0.
Let the N x N matrix g(t) be representable as a Laplace-Stieltjes transform
(1.4) absolutely convergent for Re t > 0, satisfying (1.5) for
(1.20) v = m(i), where m(i) = max[e(1), **, e(K))]
for some i, 1 <i<h. Findlly,let §>0 bearbitraryif i=1 and 0<6 <
min[MK,) = A(K,), ***, MK) = NK;_y)] if i>1. Then, for K;_ | <n<
K; and v=0, >+, e(n) — 1, (1.2) hgs a solution representable in the form

(1.19)

(1.21) y = erme i p”t“ + W) + PFE-DWO ()

u=0
where w(t) and wO(t) are N-vectors representable as Laplace-Stieltjes transforms
(1.14), absolutely convergent for Re t > 0 and satisfying (1.15), while p, isa
constant vector and p, ¥ 0.

Theorem 1.1 is contained in Theorem 1.2 which in turn is implied by
Theorem 2.1 below. For additional properties of the solutions (1.13) and (1.21)
in Theorems 1.1 and 1.2, see Corollary 2.1.

The simple case 4 =0 of Theorem 1.2 and certain cases of N =2 of
Theorem 1.1 go back to Wintner, cf. [7]—[9]. For i=1, Theorems 1.1 and 1.2
are contained in sharper results of Hartman [3] and D’Archangelo [2], respective-
ly. For i> 1, D’Archangelo [2] gives results in which #w + #¥E(=1y0 of
(1.13) and (1.21) is replaced by t’w, where w = w(f) is a Laplace-Stieltjes
transform

Wity = [ etams), W)= W+ 0)=0,
(1.22)
f+o‘ 1EmO1(s)| < oo,
These results (corresponding to the absence of certain “logarithmic terms” in the
theory of regular singular points) are proved under assumptions including
dGys) =0 or dG(s) =0 for 0 <s <A@ -A(l) or 0<s<ANK)) -
A(1). The proofs in [2], [3] involve successive approximations. In the
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first parts of the proofs, the convergence of the integrals for large Re ¢ is easily
established, but the second parts of the proofs for their convergence on Re ¢ > 0
are more complicated and involve majorant equations or systems. Below, we prove
the simple Lemma 2.1 which implies that actually the second parts of the proofs
are not needed for the proofs of the statements of the theorems (in contrast to a
statement concerning the convergence of sucessive approximations).

In §8, we apply Theorem 1.1 above (or rather Theorem 2.1 of [3]) to
Bessel equations to obtain new integral representations for the Hankel functions
H, H?) similar to those of Whittaker [6]. When these are combined with
the technique of §11 of [3], we obtain some apparently new functional relations
for the Legendre functions.

2. Main theorem. In the first order system

(2.0) y'=W+s®ly

of dimension

.2) N=e(l) + -+ + eM),

let J be a constant matrix in a Jordan normal form, say
23) J = diag[JQ\(1), e(1), ++, JOM), (D)),

where J(A, €) denotes an e x e Jordan block with A on the diagonal and 1
on the superdiagonal.

If y is an N-vector, we write y =(,, ***, y,,) where y, = (%, ~--,y§(")'l)
is an e(k)-vector. We call y, the kth block of y and y} the (k, x)th component
of y. In terms of components, (2.1) can be written

) M e(m)-—-1
24 Ye=MEpE AT+ 2 “Z_',o g O,

for k=1,**,M and k=0, **, e(k)— 1, where y5*)=0,and gi™(¢) are
the entries of the N x N matrix g(f) with row index (k, k) and column
index (m, ).
We shall let l’,§ denote the N-vector with (k, k)th component 1 and all
other components 0. Put
K
@5) =80 X 1h et
u=
so that £¥ is an N-vector, its (m, p)th componentis 0 if m # k and its
kth block is (£*/k!, t“"1/(k — 1)!, *++, 1,0, ***, 0).
AssuMPTION (A) In the system (2.1), i.e., (2.4), let the functions giy’ (?)
be representable as Laplace-Stieltjes transforms

26) gm@ =[G, GEmO) =G (+0)=0,
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absolutely convergent for Re ¢ > 0. For a fixed real number 7, let
(v X)) @), *++, A(K) } = set of eigenvalues of J: ImA=17
enumerated as follows
Re A(1) = **+ = Re MK)
<Re A(K; +1)=+**=Re MK,) <Re MK, +1)= "+,

eK;+1)>eX; +2)> > e(Ki_,_l)

@9 for j=0,+++,k~1 and K, =0,K, =K.
We define

E@)=e(l) +e®; +1)+ -+ +eX,_, +1)
(2.10) for i=1,+,h and E(0)=0,
and i(k) is defined for k=1, +**, K by
2.11) K;iy-1 <k < Kyxy

so that 1 <i(k) <h.

THEOREM 2.1. Let Assumption (A) hold. Let 1 <i<h and assume that
(k) =0 for k=1,+**,M and (k) =>e(k) for k=1, K,,

(2.12) f+ os-7<k)|dczz'(s)| < oo,
Let 6;,> 0 be arbitrary if i=1 and
0 <3, <min[AKK,) = AK)), ***, MK) — MK;_,)]

if i>1. Then, for n=1,+**,K; and v=0, ***, e(n) — 1, there exists a
solution y =y(t) of (2.1) of the form
(2.13) ¥ = A + EWiE) + P EEDW (),

where the (k, K)th components wih, wk® of the N-vectors W)}, wi° are
Laplace-Stieltjes transforms, absolutely convergent for Re t > 0, of the form

_ (Bitn) - orn [ ot o
@14 W 0=, o €AW (), and WiZP() _fisi(n)—oe RCLd O
such that Wi, (0)= Wiy (+0)=0,

@15) [ SOOI @) <o for 1<k <Ky,

(2.16) f +os-7<">+e<")-“ AW ()] <o for Kypy—y <k <Kyp,
2.17) f+os_7(k)ldwz: () <o for Ky <k<M,

for k=0, ¢, e(k)— 1.
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REMARK. The proof will show that Theorem 2.1 remains valid if (2.12)
is relaxed to

@.18) [, e iagen @l <,

for 1 <k <K,, while (2.12) is retained for K; <k <M.

Unless the contrary is stated, it is assumed that in any Laplace-Stieltjes
transform, say x(f) = [ € *’dX(s), the determining function X(s) is a complex
valued function (or vector with complex valued components or matrix with
complex valued entries) which is locally of bounded variation on 0 <s < o,
continuous from the right, and satisfies X(0) = X(+ 0) = 0.

Below we consider the determining functions WX" (s) and Wi?%(s) in
(2.14) to be defined for 0 <s <o, where W{] (s) = Wi} iy~ 0) for
$ =8, and Wii0(s)=0 for 0<s< 8i(ny- It will be seen that arguments
of [3] and the proof of Theorem 2.1 imply

COROLLARY 2.1. Assume the conditions of Theorem 2.1.

@) If 0<A <S8, and the functions G ku () in (2.6) satisfy
dGi7(9)=0 for 0<s<A (<8;y,)) when m=1,-, K;(,,, | and p=
0,¢,e(m)—1,0o0r m=n and u=0, *++,v and arbitrary (k, k), then
dWi; (s)=0 for 0<s<A forall (k k, n,v).

(ii) The discontinuities of the functions Wi, (s) are contained in the
additive semigroup generated by the discontinuities of G(s) = (G (s))-

(i) If G(s) is continuous [or absolutely continuous or of class C'([0, )],
then Wy (s) is continuous [or absolutely continuous or of class C1((0, )]

@(v) If K, <n<K, then W,’c‘;‘o(s) is absolutely continuous on s =20
except possibly for a discontinuity at s = i(n)*

In proving Theorem 2.1, it suffices to show that (2.1) has a solution y(¢)
of the form (2.13)—(2.17), where the Laplace-Stieltjes transforms wk7 (£) are
absolutely convergent for large Re ¢ Its absolute convergence for Re t >0 is
then implied by the following lemma and its corollary.

LEMMA 2 .1. Let B be a constant N x N matrix, h(t) an N x N
matrix function representable as a Laplace-Stieltjes transform

@.19) W= [T etaHGs),  H©) = H(+0) =0,
absolutely convergent for Re t > 0. Let z(t) be a solution of
(2.20) Z=[B+h(@®):z

representable as a Laplace-Stieltjes transform
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(21 20)=2() + : etdZ(s), Z(0) = Z(+ 0) = 0,

absolutely convergent for large Re t, where z(=°) is a constant vector. Then
the integral in (2.21) is absolutely convergent for Re t > 0.

The change of variables

(2.22) z=ye Nt -E  where E = E(i(n) - 1),

in (2.1) transforms (2.13) to

(223 2() = QWP HE + wiF + Wi’ @)
and (2.1) into (2.20), where

(2.24) B=J —\n) and h(f)=g(t)— (v + E)I/t.
Since for Re a > 0,

(2.25) e L €5 do/Te) = jo e Sd[s*/T( + a))

is absolutely convergent for Re ¢ > 0, the first two terms on the right of (2.23),
up to an additive constant, and h(f) in (2.24) are Laplace-Stieltjes transforms,
absolutely convergent for Re > 0. Thus Lemma 2.1 has the following
consequence.

COROLLARY 2.2. Let Assumption (A) hold and let (2.1) have a solution
of the form (2.13)—(2.14), where the integrals in (2.14) are absolutely conver-
gent for large Re t [or more generally of the form

(2.26) @)= eh(")f{sg(t) + tv+EW:l O},
where E>0 and w) Y(¢) is representable as a Laplace-Stieltjes transform
(227 | wil(r) = f:e-"dw:," ©),

absolutely convergent for large Re t]. Then the integrals in (2.14) [or in (2.27)]
are absolutely convergent for Re t > 0.

3. Notation and preliminaries. In addition to the conventions introduced
above that, for any Laplace-Stieltjes transform

G.1) x(t) = _[: STaX(s),

the determining function X(s) is locally of bounded variation on s =0 and
satisfies X(0) = X(+ 0) = 0, we always assume that (3.1) is absolutely convergent
on some half-plane Re ¢ > const. We shall say that

(32) 7>0 is admissible for x(t) or X(s) if [ sVRXG <.
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PRrorosITION 3.1. Let x(t), y(t) be representable as Laplace-Stieltjes
transforms

(3.3) x(f) = f: eaxe), = [ :e‘“dY(s)

absolutely convergent for Ret = T. Then the product x(t)y(t) is representable
as a Laplace-Stieltjes transform

I t
(3.4 (e = o €dZ(s), where Z(1) = f  X(t = 5)dY(),
absolutely convergent for Re t = T. Furthermore,
520, >0, [, sHXEOI<w. and [ sla¥(e) <o

(35)
= [ SOzl <.

ProoF. The first part of this proposition is standard. Only the implication
(3.5) has to be verified. Suppose first that X and Y have continuous
derivatives, so that Z has the continuous derivative

Z'@n= f ;X'(t - $)Y'(s) ds.
Thus we have
f ; sT¢ldZ(s) < f ;s‘s' f : IX'(s = DIY' ()] dr ds

and by Fubini’s theorem, the last expression is

f (: (f: X (s - )l ds) Y'()l ar
<f 01 re { f: G-rX's -l ds} IY'()l dr.
Consequently

1 5—c ( 1 e 1 s ) oo
o [ srazen< ([, mearon) (f, st axe) <o,
and so (3.5) holds. It is clear that this inequality holds without any differentia-
bility assumptions on X, Y.

ProrosiTION 3.2. Let (3.1) be absolutely convergent for large Re t.
Then there existsa T such that [1 + x(t)]~! is representable as a Laplace-
Stieltjes transform

G.7) [1+xO]'=1+ fo TemtdX (s),
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absolutely convergent for Re t =2 T. Also
~ ~5
(3.8) 5§=>0, f+ o 8 ldX(s)| <o = f+ of 1AX () <.

PROOF. Let T>0 be large, so that 1 +x(¢t + T) =1+ fge e TdX(s)
is absolutely convergent for Re ¢ = 0. Formally,

(9 [ +x+D17 = 3 [x +D1F =1 4[] e ¥ 1Fx9,
k=0 0 k=1

where dX®)(s) is the measure (¢~5TdX(s)) * ++* * (€~7dX(s)) obtained by
convoluting e~*7dX(s) with itself k times. Since f Y IdX(k)(s)I<(f:')°e“’-TldX(s)|)k,
it can be supposed that T is so large that the total variation [je *7|dX(s)| < 1,
so that the first part of Proposition 3.2 follows.

In order to verify (3.8), note that by (3.6),

J! soaxo@ < ([ ssesmaxe) ([T axe))

for k= 1. In view of (3.9), this gives (3.8) and completes the proof.

ProPosITION 3.3. Let w = (wy,, (), where k,m=1, +*+, P, bea
matrix of Laplace-Stieltjes transforms such that o, = 0 is admissible for the
off-diagonal elements wy,, (t), m # k, in the kth row. Let Y = Ip +w,
where Ip is the unit P-matrix. Then Y = Y(t) is nonsingular for large Re t
and Y~! =Ip + W, where W = (W,,,(t)) is a matrix of Laplace-Stieltjes
transforms, and o, is admissible for the off-diagonal elements wy,,, m #
k, in the kth row.

PROOF. It follows from Propositions 3.1 and 3.2 that [det Y(¢)]~! =
1 + x(¢), where x(r) is a Laplace-Stieltjes transform, and that Y~ =1, + w,
where W is a matrix of Laplace-Stieltjes transforms.

Note that if & # m, then Wy, = (- )¥*™(1 + x)x,,,, where x,,, is
the cofactor of w,,, in Y. Also, in the expansion of the determinant x,,,,,
each term contains an off-diagonal element w,,, n #k, of the kth row.
Hence, 0, is admissible for each term in this expansion and, consequently,
for wy,,, by Proposition 3.1.

In order to state the next lemma, we introduce some notation. Let x()
be the Laplace-Stieltjes transform (3.1), absolutely convergent for Re t = T >
0,and let A>0. Put

(3.10) =] L €dX;, ),

where X;5(s) is absolutely continuous for s=>0 and
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G11) dX,,@Y ds =T ; eTi(s —rY(A - ! dXG) for 0<s<A,

dX; (Vs = (- 1)+ 1eT[ :e"T(r - $)(r - Ay X () for A<s < oo,

It is easy to verify that (3.10) is absolutely convergent for Re ¢t = T. Note
that the jump of X(s) at s= A, if any, does not contribute to (3.10), (3.11).

ProrosITION 34. Let x(t) in (3.1) be a Laplace-Stieltjes transform
absolutely convergent for Ret 2T >0, k 20 an integer,and A = 0. Then

f ; (t — s)¥e25x(s) ds/k!
(3.12)
= ANt — TY x5 (1) +cp (¢ — TP /(K + 1),

where ¢, = X(A) — X(A —0) is the jump of X(s) at s=A (so that cy = 0
if A=0).

PrOOF. It is clear that the last term in (3.12) is the contribution of the
jump of X(s) at s= A to the left side of (3.12). We can therefore suppose
that ¢, =0 (ie., that X(s) is continuous at s = A).

In order to prove (3.12) with ¢, = 0, we first suppose that dX(s) =0
for small |s— Al, s=0. If I is the left side of (3.12), then

(3.13) 1= :[f ; (t - s)feA—")s ds/k!] ax@).

The inner integral is

k
[... = - z (t - T)k—fe(A—r)T/(k -])'(A - r)i+l
(3.19) j=0
+ e(A-r)t/(A - r)k+ 1 X
Hence, we have
k -]
(3.15) 1=- i% -1y o €A =y FlaxX e =) + T, + 0,
where A
Jy=ebt f . er-DegrT(p - py5-1gx(p),
J, =eh? :e"’(“T)e“’ Ta - %1 ax().

Apply integration by parts to J, to obtain
A
- (A-r)TeA — —k—ldX
J, f X @Qa-n (0]

A r
Ate, _ —r(t-T) —~ST(A — oy k-1 ] dr.
+ et T)foe [foe (A-5s) dX(s)
Repeated integration by parts gives
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S ki (4 T
I = X - [ 8T -y laxiye - )
j=0

A
+ AT - T [T, ().
Similarly

k ]
Jy = on(t =T [ dAIT(A -yt ax (/e - ),

+ et - T)kt+! " ertax, . ().
N kA

Thus (3.12) follows from (3.15) and the last two displays, provided that
dX(s) =0 for small |s— Al, s =0. The general case follows by approximating
X(s) suitably.
REMARK . Note that if dX(s)=0 for 0 <s<aq, then dX;,(s)=0
for 0 <s <a. This fact will be used in proving the following:

ProrosiTiON 3.5. Let x(t) in (3.1) be a Laplace-Stieltjes transform,
absolutely convergent for Re t =T >0, k >0 an integer,and 0 <A' <A.
Then

f; ske®Sx(s) ds/k!

k A'
(B.16) =ept 3 meaym | CETHA =) dX @)k~ m)!
m=0

where x,.paa'(f) is a Laplace-Stieltjes transform with determining function
satisfying

In particular, if v is admissible for x(t), then 7y is admissible for the
coefficient of t*™ in (3.16).

PrOOF. Write x(f) = x(¢) + x°(¢), where
A’ =
xo(0) = f o et dX(s) and x°(r) = fA, €5 dX(s).
Then, by Fubini’s theorem, we have

f ; skeBx(s) ds/k!
k A'
=edt 3 [ eria - T aX (k- m)! + e,
m=0

where ¢ =c(T, A', A) is a constant. If we write ¢ = eAf ¥+ 1(ce™2/tk*1),
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where ce~%/t*+1 js a Laplace-Stieltjes transform with a determining function
vanishing for 0 <s < A, we see that the proposition is correct if dX(s) =0
for s=>A'.

In order to deal with x°(f), write

skt = [t = (¢ = )]*/K = 2t - )™ (= 1" im!i(k — m)!

and use Proposition 3.4 to get
f ; ske25x0(s) ds/k!

(3.18) =eA? }E tem (= 1y (e = TY"*1x0, 5 /(k — m)!
m=0

+op @+ = Tk + 1)1,

where x9 , belongs to x° as x,, belongs to x. By the remark preceding
this proposition, dX9,,(s) =0 for 0 <s<A'. The right side of (3.18) can be
written as eA%t**1 times a Laplace-Stieltjes transform with determining function
which vanishes for 0 <s < A’. This completes the proof.

PROPOSITION 3.6. Under the conditions of Proposition 3.5, there exist
Laplace-Stieltjes transforms, absolutely convergent for Re t 2 T > 0,

(3.19) p0= [ emape, 0= [ e
such that if y is admissible for x(t), then 7y is admissible for p(t) and
(320) . ; skeBsx(s) ds/k! = €A [f*p(e) + £5+1p0()].

PROOF. Define P(f) by
(:21) mi.‘o ade V| : €A - XY (k- m)! = [ " estap(s)
and P°(t) by
(322) dP’(s)=0 or dP’(s)=dXrpa'@) +dPE)

according as 0<s<A' or A'<s.

4. Proof of Lemma 2.1. In this section, in contrast to the remainder of

the paper, we allow determining functions to have discontinuities at s = 0.
Thus we can write h(f) in place of B + A(t), and (2.19), (2.21) become

@.1) h(f) = fo * StdH(s), where H(0)=0, H(+0)=5,
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(4.2) 2=, ” e=14z(s), where Z(0)= 0, Z(+ 0) = z(=9),
while the differential equation (2.20) now has the form
“43) Z' = h(f)z.

We can suppose that (4.1) is absolutely convergent for ¢ =0, and put
4.4 C= J;) . |dH(s)| < °-

For otherwise we can replace ¢ by ¢ +¢€ >t and the argument below shows
that (4.2) is then absolutely convergent for Re ¢t > e.
From (4.1)—(4.3), we see that — sdZ(s) = d(H * Z), so that

(4.5) sldz(s)l <d fo * \H(s - HIIZ0)).
Hence, by (4.4),
(4.6) fo rdZ@) <C fo dZ(r).
Consequently, for large s,
2s s s
[ wzon<s-oric S wzon <2657t [zl

Define F(s) = f3ldZ(r)| for s >0, so that, for large s, F(25) < (1 + 2Cs~VYF(s).
If 8 >0 is arbitrary and s is sufficiently large, then F(2s) < (1 + 0)F(s).
Hence F(2"s) < (1 + 6)'F(s) and so, for large r, F(r) < (const)'0s (1+0)/10g2,
It follows that

J; ez = I; T ¢ dF(r) < for t>0.

This completes the proof.

5. Preparations for an induction. There is no loss of generality in assuming
that N(1) =+ =NK,) =0 for the change of variables

(CRY) y=e
wansrorms (3.1) to
(5.2) Z' = [J-A1)I +g()]z,

which is the same type as (2.1) with A(k) replaced by X(k) — A(1). The
following result is contained in Theorem 1.1 of [2]:

PROPOSITION 5.1. Let Assumption (A) hold with N(1)=0. Let e(k) =
0 for k=1,**,M and e(k, k)=e(k) +k or e(k, k) = e(k) according as
1<k<K, or K, <k<M. Suppose that

.3 f smax[0,e(k,k+1)-e(m,u)] dGEm ()l <o forall k, x, m, b,
+0
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and that, for some j, 1<j <K,,
G4 Los"(""‘* DG () < oo forall k, k.

Then (3.1) has a solution y = yi(t)
(5.5) V(o) = 1) + wj),

where the N-vector wi has the (k, k)th component
(5.6) wibh (0 = fo et dWi (s), f+ os"(""‘)ldw,’,‘{, () <o
forall (k, k), ie, k=1, M and k=0, *+, e(k)— 1.

For any N-vector y,let y = o 1) Y(2)) be an N-vector with components
obtained by a permutation of those of y as follows: Yay = 0’1» . y?( l) is
a K -tuple consisting of the (k, 0)th components of y for k=1, K, and
V@) isan (N - K, )tuple consisting of the other components of y. The (k, k)th
component y’(‘z)k of Y(2)» Where k=1,<>-, M and k=0, -, e(k)-1 is
Y(2)k =V where k=K +1 or k=« and e(k)=e(k)—1 or e(k)=e(k)
according as k <K, or k> K,. We also write (m, u) with u=p +1 or
u=p accordingas m <K, or m>K,.

If e(k)=1 forsome k <K, then there are no components ), of
Y@) and below all such indices (k, k) should be ignored.

Under the linear change of variables y — y, (2.4) becomes

K,
] - 0
Yy =7\(I)}’(1); + Z gj(;ny(i)m
)i m=1

5.7
0 S P
+Q1- ,e(t))y(2)i+ Z 2 ga Y@m
k' — s Km + (k) K
Yok = Z_:gko Y(ym Y (2)k
(5.8) Bt
+(1 =8, eVt + m):l “Z_: 8ku Y(2ym>

where j=1,¢*, K, in(57)and k=1,>-, M and k=0, -, e(k)—-1 in
(5.8). Also y'(‘z’*) k=0 if k=€(k)~1,and 8jx is 1 or O according as
j=k or j# k. For brevity, we can write (5.7), (5.8) in vector-matrix notation
as
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}"(1) = [Mlyxl +gu(t)]y(1) + [Jn +g,2(t)]y(2),
(5.9)
J’&z) =8, Oyay + [V +2,,01y(2)-
Here Iy ~is the unit K,-matrix, the jth component of Jy,y(,y is
a- 6l,e(i))y?2)j for j=1, -, K, and
J = diag[J\(1), €(1)), ***, JO(M), e(¥)]

with JQ\(k), e(k)) absent if e(k) = 0.

If M(1)=0 and Proposition 5.1 is applicable for j =1, ***, K, then the
K, solutions w1, «««, K1 can be used to reduce the order N of the system
(5.7-(5.8). Let

Y0 o

5.10 Z(t) =
(5.10) O 0 hux,

be a square N-matrix, in which the first K, columns are the N-vector solutions
yb, +eo, yK1. Thus, ¥,, is the square K,-matrix

(5.11) Yu@=Ig, +wh@) for jk=1,-K,,

and Y,, is the rectangular matrix

(5.12) Y() = Wi @) for j=1,-,K,,

k=1,°,M and k=0, -, e(k)— 1. In (5.11) [or (5.12)],j is the column
index and k [or (k, k)] is the row index. It is clear that det Z=det Y,, #0
for large Re r. For such ¢, write the inverse of (5.10) as

. Yl o "
(5.13) z7(0= » Zyy =YYy
Zn®  Iyg,
and Y7! is of the form
(5.149) YR @O =1l + @) for jk=1,+K,,

where W} is a Laplace-Stieltjes transform.
Introduce the change of variables y = Z(t)z, that is, z = Gy 22)) and

(5.15) Yay = Yu®zay  Yay= Ya@zq) * 2
Then (5.9) becomes
(5.16) 221) =YV + gl2]z(2)’
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(5.17) Z'(z) = {Z,; V12 + &12] +7J +85} 2p) = v +E(t)]z(2);

cf. [4, p. 50]. The matrix g(¢) is defined by (5.17): The system (5.17) is of
order N —K,, while (5.16) can be solved by a quadrature if a solution Z(2) of
(5.17) is known.

PRrRoOPOSITION 5.2. Let Assumption (A) hold with N(1) = 0. Let e(k) =0
and ek, k) be defined as in Proposition 5.1. Assume that

(518) S TG @) < o

for k,m=1,+<,M and k [or p] =0, e(k)—1 [or e(m)—1]. Then
Proposition 5.1 is applicable with j =1, **+, K, and the entries in the matrix
g0 =@y of (5.17) are Laplace-Stieltjes transforms such that

(5.19) o E G (o) < o0

for k=1, M and «k [or p] =0, **+,e(k)—1 [or e(m)—1].

Proor. In order to verify the applicability of Proposition 5.1 for j=
1, «=-, K,, note that (5.3)—(5.4) follow from (5.18). In view of the equivalence
of (5.7)—(5.8) and (5.9) and in view of (5.12)—(5.14), we can write the entry
gy of & in(5.17) as

K4 —. -
(5.20) gin = Zo wid [cfen +uiin] + &k
]:

where cfi’ isa constant and ufy is a Laplace-Stieltjes transform.
Note that e(k, k) = e(k, k + 1) for all (k, k),since k =k +1 if k<K,
and e(k, k) is independent of k for k> K,. By (5.6), e(k, K)=¢ek, k +1)
is admissible for w,"‘{, and, by (5.18), e(k, k + 1) = e(k, k + 1) is admissible
for g—,’:‘,"f . Hence (5.19) follows from Proposition 3.1.
The following proposition will not be used below but can be used to obtain

generalizations of Theorem 2.1.

PROPOSITION 5.3. Let Assumption (A) hold with N(1) = 0. Let e(k) =0
and e(k, k) be defined as in Proposition 5.1. Assume that

(5.21) f+os—max[0,e(k.n+l)—#] dG{m () <o for 1<k m<K,,
(5.22)f+os—max[0.6(k.1¢+l)*e(m)] MGim ()l <o for 1 <k<K,<m<M,

523 [, TG @I <~ for K, <k<M, 1<m<M,
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and k [or u] =0, -, e(k) =1 [or e(m)— 1]. Then Proposition 5.1 is
applicable with j=1, **+, K, and the entries in the matrix g(t)= (?,'ﬁz') of
(5.17) are Laplace-Stieltjes transforms for k,m=1,+*<, M and «k [or u] =
0,+:+,e(k)—1 [or e(m)—1] and (5.21)—(5.23) hold if G} is replaced
by G ’,“Z’ .

We omit the proof which is similar to that of Proposition 5.2.

6. Proof of Theorem 2.1. The proof is by induction on the order N of
the system (2.1). The result is easy if N =1 (and is contained in [2]). Assume
that N> 1 and the validity of Theorem 2.1 and the remark following it for
a system of order less than N. Assume the conditions of Theorem 2.1 with
(2.12) replaced by (2.18) for k=1, <+, K,. Without loss of generality, it can
be supposed that A(1) =0 (so that A(k) is real and nonnegative for 1 <k <
K and, in fact, positive for K; <k <K). Since the case i(n) =1 is contained
in Theorem 1.1 of [2], we shall suppose that i(n) > 1 (ie.,n> K,). Further-
more, in view of Corollary 2.2, we shall consider only large Re ¢t (and it is
implicitly assumed that all Laplace-Stieltjes transforms below are absolutely
convergent on some half-plane Re ¢ = const).

Let e(k) =7v(k)—e(k) for 1 <k <K, and e(k)=1v(k) for K, <k <
M. Then Proposition 5.2 is applicable to the system (2.1) and leads to a system
(5.17) of order N — K. This system satisfies the analogue of the conditions
of Theorem 2.1 with (2.12) replaced by (2.18) for 1 <k < K,. Hence, by the
induction hypothesis, the conclusions of Theorem 2.1 hold for the system
(5.17). Let a solution corresponding to (2.13) be

(6.1) 202y = AOHED + (0 + PYES0 (),

where the (k, k)th components VX%, v5"® of the N—K, vectors v}, v]°
are Laplace-Stieltjes transforms of the form

5’ ®
62 v ()= fo A ORI OB IR 14-Ad OF
©3 [ O Ourg@i<e fo 1 <k<Kg-
©4) [ OO @ym@l <o for Ky <k<Kg),

'(6.5) f+os‘7(")ldV,'§ﬁ @) <o for K,y <k <M.

Here 0<8'<min[)\(K,)-7\(K1—l)] for j=2, ¢, i(n) [orj=3,+°,in)]
if e(K;)>1 [ore(K,)=1]. Also E=E(i(n)—1)~1 since e(k)=e(k) -1
for k=1, K,.
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In view of (5.14) and (5.16), z(,); is N times

Ky _ -
3G + W) {(1 =8y o)) (CVy +17FEWN0)
k=1

(6.6) M e(m)-1 _

o 35 s 4R } .

m=1 u=0

Since (k) - e(k) is admissible for the off-diagonal elements w2, j # k, of
the kth row of Y,,, Proposition 3.3 implies that (j) — e(j) is admissible for
wk=5; + wf if j # k. For the term k=j of the sum over k, we use the
facts that €(j, 1) > v(j) — e(j) is admissible for gzg ,k=j, and that €(j) =
() — e(f) is admissible for v,(:{,‘, k=j, by (6.3). Also £ is 0 if m#n
or m=n, u>v andis " #/(v - if m=n, u<v. Thus the last display
is of the form v + **£y°, where v, v® are Laplace-Stieltjes transforms
such that dV(s)=0 for s=>8', dVO(s)=0 for s <&’ and (1) —e(l) is
admissible for v. Hence

6.7 =MW [Py + t"'+Eu°] .

Zayi
Since n> K, implies that A(n) = A(n) — A(1) > 0, quadratures and Proposition
3.6 give a solution of (5.16) in which the jth component Z(y); is of theform

(6.8) 244y = MMy 4 HEG()-1),0]

where v, v® are different functions with analogous properties, but with d¥V(s) =

0 [or dV°(s)=0] for s =6 [or s<8] and
0<8 <minfs', NK,) = MK, ), *+*» MKigny) = MKigny-1)]

and E(G(n) — 1)=E + 1. From (5.14) and (5.15), we obtain an identical type
of formula for the jth component of Yay ie. for y;-’, j=1,+,K,. This
implies (2.15) for 1 <k <K, and k =0.

From (5.12) and (5.15), we have

Ky _
PRI S
Vi =Y = X ko)) 2
l:

for k=1,+,M and k=0, +**, (k) — 1. Since e(k, k) is admissible for
wz{,, the formulas (6.1)—(6.5) and (6.8) imply the remaining formulas in (2.15)—
(2.17), ie., those for (k, k) with either k # 0 or k > K,. This completes
the proof.

7. On Corollary 2.1. The proof is by induction on the order N and depends
on a re-examination of the arguments of the last section. Corollary 2.1 is valid
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for N=1 (in fact the case 1 <n <K, and »=0 are contained in Corollary
33 of [2]). The cases 1 <n <K, and arbitrary v =0, **+, e(n) = 1 follow
from the proof of Theorem 5.2 of [2] in the same way that Corollary 3.3
follows from the proofs of Theorems 1.1 and 1.2.

Assume N > 1 and the validity of the corollary for systems of order N —
1. We shall consider only the cases n > K.

Assume the hypotheses of part (i) of Corollary 2.1. Then the validity of
the corollary for n =1, »=0 and the formulas (5.12) show that the system
(5.11) satisfies the corresponding set of hypotheses. Hence the functions V0 (s)
of (6.1)—(6.2) vanish for 0 <s < A. The arguments leading to (6.7) show that
if V is the determining function for v in (6.7), then dV(s)=0 for 0 <
s < A. (This depends on the fact that £47, in (6.6)is 0 if m#n orif m=
n and p>v.) The proof of Proposition 3.6 shows that if ¥ belongs to v in
(6.8), then dV(s)=0 for 0 <s < A. We now obtain part (i) of Corollary 2.1
from (5.8), (5.9).

The proofs of parts (ii), (iii) and (iv) are similar and will be omitted.

8. Applications to Bessel and Legendre functions. The change of variables
= t1/2y transforms the Bessel differential equation of order u,

8.1 W +un+ Q- =0
mto the equation
8.2) v 4+ (1 -p/t>v=0, where g=pu? - 1/4.

Let H(l)(t), H(z) () be the Hankel functions which are solutions of (8.1)
(so that ¢!/ 21‘1(”, 1/ 2H() are solutions of (8.2)) satisfying

(8.3) et PHD @)~ &it, e/ 2HR) (1) ~ &7t
as t —> o, where
(8.4) = (ﬂ/z)l/Zeti(u+l/2)1r/2 and t=(-1)y*+!,

It follows from Theorem 1.1 (in fact from Theorem 2.1 of [3]) that the
solutions (8.3) of (8.2) have representations in terms of Laplace-Stieltjes trans-
forms absolutely convergent for Re ¢ > 0,

@5 M HD () = e [1 + f :oe'"dwi(s)] , where +=(-1)/*!
for j=1,2. We shall verify the following:

ProrosITION 8.1. In the formula (8.5),

(8.6) W(s)=P(1 + (- 1Y*is) for s>0,
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where P =P, (0), v=u—1/2,is the unique solution of the Legendre
differential equation

8.7 d[(1 - 0®)dP/do]/do + v(v + 1)P =0,

regular at 0 =1 and normalized by P(1)=1.

In (8.5) and (8.6), we have W;(0) = W;(+ 0) =1 (instead of our usual
normalization W,(O) = W1(+ 0) = 0) so that, in any case, s =0 does not
contribute to the integral in (8.5). The formulas (8.5), (8.6) are analogous to,
but different from, results of Whittaker [6] (cf. [5, pp. 173—-175]).

ProOOF. For the sake of convenience, consider the case j= 1. Since the
left side of (8.5) is a solution of (8.2), it follows that if w = w;(?) is'the
Laplace-Stieltjes transform in (8.5), then

w' +2iw' - p/t2 - pw/t? = 0.

By Corollary 2.1 of [3], W= W,(s) is of class C* for s> 0, so that

/12 = f: e S'sds
implies that
(s® = 2is)W' — s - ﬁj: (s =W (r)dr=0.

Differentiating this relation gives

8.9) [® - 2)W') = B~5 [ W (ar =
Hence if W is normalized by W(0) = 1, equation (8.8) can be written as
(3.9 (2 - 2is)W')’ - pW=0.

The point s =0 is a regular singular point for (8.9) with the indicial exponents
0 and O, so that there exists a unique solution W(s) (up to a constant factor)
such that W'(s) is of class L! on 0 <s <e. This solution is regular at s =0
and is uniquely determined by the normalization W(0) = 1. The change of
variables 0=1+1is, W=P reduces (8.9) to the Legendre equation (8.7) with
— 1/2. This completes the proof.

In view of the relations, H{!) =J, +iY, and H® =J, -iY,, we have

HOOHP @) =72 + Y2, Hence, by (8 5),

U + Y2y = [1 + f "'dwl(s)] [1 + f —"dwz(s)]

which can be written in the form

(8.10) mU2 +Y2y2=1+ f e™51dQ(s),
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where, if Q is normalized by Q(0)=0(+0)=1,
0s) = W, (5) +fo' W,(s — dW,() for s30.
If this is compared with the relation
o 2 . _

ﬂt(J: + Yi)/z =1 +fo eSdP(1 +5%/2), with P—Pn_l/z(o).
proved in §11 of [3], we obtain the following (apparently new) functional
relationship for P=P,:

PROPOSITION 8 .2. For arbitrary v and real s = 0, the Legendre func-
tion P=P, (0) satisfies
@11)  PQ+s2/2)=PQ +is)—i [ : P(1 +i(s - D)P' (1 — indr,
where P'(1 — ir) = [dP(c)/do]

o=1-ir’

We can obtain other functional equations in a similar manner. If v, v,
is any pair of solutions of (8.2), then the product v =wv,v, is a solution of

(8.12) o+ 41 = B/ + @/ = 0;

"e

Appell [1]. This is a perturbation of the equation v'"" + 4v' =0 with constant
coefficients having characteristic numbers 0, + 2i. Hence by Theorem 2.1 of
[3], it has solutions representable in the form

(8.13) [c}tl/zﬁg)(t)]z = gt2it [l +f:oe—sthj(s)] , where = (- 1)i+l’

and the solution (8.10). Arguing as in the proof of Proposition 8.1, we see
that if u =u;(f) denotes the Laplace-Stieltjes transform in the last formula,
then

u'" +6iu" - 8u' — 4pu'/r?
+ [48/¢3 F 8Bi/t*1u + 4p/t3 F 86i/t* = 0.
Thus if U= Uj(s), then
— (s> ¥ 6is — 8)U' + 26 | ; [s? = ) 7 4i(s — D] U'(dr + 28s* F 86is = 0.

Differentiating this relation gives
— [s(sF 4i) (s F 20)U')’ + 4B(s ¥ 2)U =0 if U@0) = 1.
Introduce the new variable 0 =—1- (s ¥ 2i)2/2=1-5%/2 £ 2is and U=P
to obtain (8.7). Hence
(8.14) U=U(s)=P[- 1~ (s 7 20)*/2],, where ¥=(-1).
From (8.6), (8.13) and (8.14), we get
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ProrosiTiON 8.3. For arbitrary v and (real) s = 0, the Legendre
function P =P (0) satisfies the functional equation

Pl-1-(s%2)%/2] =P £ is) £ | *P[1 £ i(s - N]P(1 £ indr,
where P'(1 £ ir) = [dP/do] ;=4 ;p-
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